On the basis of a previously established scalar-tensor extension of the ΛCDM model we develop an effective fluid approach for the matter growth function. This extended ΛCDM (henceforth e Φ ΛCDM) cosmology takes into account deviations from the standard model both via a modified background expansion and by the inclusion of geometric anisotropic stresses as well as of perturbations of the geometric dark-energy equivalent. The background dynamics is governed by an explicit analytic expression for the Hubble rate in which modifications of the standard model are given in terms of a single constant parameter [1]. To close the system of fluid-dynamical perturbation equations we introduce two phenomenological parameters through which the anisotropic stress is related both to the total energy density perturbation of the cosmic substratum and to relative perturbations in the effective two-component system. We quantify the impact of deviations from the standard background, of anisotropic stresses and of non-vanishing perturbations of the effective dark-energy component on the matter growth rate function f σ 8 and confront the results with recent redshift-space distortion (RSD) measurements. *
I. INTRODUCTION
In scalar-tensor theories the gravitational interaction is mediated both by a metric tensor and a scalar field. The prototype of a scalar-tensor theory is Jordan-Brans-Dicke theory [2-4], based on earlier ideas of Mach. Theories of this type represent generalizations of Einstein's General Relativity (GR). Studies of different aspects of scalar-tensor theories have been performed, e.g., in [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
Scalar-tensor theories aim at explaining the observed late-time accelerated expansion of the scale factor of the Robertson-Walker (RW) metric without the introduction of a dark-energy (DE) component in the matter sector of GR. Instead, it is the geometric part of the (extended) field equations which is supposed to provide a geometric DE equivalent (see, e.g., [19] [20] [21] [22] [23] [24] [25] ).
For many applications it is useful to map the additional (compared with GR) geometrical terms in the scalar-tensor gravitational field equations onto an effective fluid component. Formally, the cosmological dynamics is then modeled as an effective two-component system within GR, where one of the components is of geometric origin. In a previous paper we established on this basis a scalar-tensor extension of the background ΛCDM model with an explicit analytic expression for the Hubble rate [1] . Deviations from the ΛCDM model are described by a single parameter which also governs the effective scalar-field dynamics. It is a characteristic feature of this e Φ ΛCDM approach that it does not rely on an explicit solution of the underlying scalar-field dynamics. Instead, the dynamics is solved on the level of conservation equations for the effective fluid energy densities, including the energy density of the geometric "fluid". This exploits the circumstance that the scalar field enters the gravitational dynamics only through the effective energy-momentum tensor of this "fluid" [26] . All the details of the exact scalar-field dynamics are not required here, in particular, no assumptions about the scalar-field potential are necessary.
Our main interest in this paper is the matter growth function which is considered to be a useful tool to discriminate between different theories of gravitation. In establishing the e Φ ΛCDM perturbation analysis we benefit from the existence of an analytically known background dynamics which determines the coefficients in the perturbation equations. The relevant equations follow from the separate (in the Jordan frame) energy-momentum conservations of the matter component and of the geometric "fluid". Equivalently, the latter may be replaced by the total energy-momentum conservation equations of the cosmic substratum. As in any two-component dynamics there appear non-adiabatic (isotropic) pressure perturbations which couple the energy-density perturbations of the components (or of the total density) to relative perturbations within the system, even if the components are adiabatic by themselves. Moreover, the geometric "fluid" of a scalar-tensor theory generally has anisotropic stresses the existence of which makes it differ from the perfect-fluid based GR. In the spirit of our e Φ ΛCDM fluid approach we do not use the general expression for the anisotropic pressure in terms of the scalar-field perturbation. We close the system of fluid perturbation equations by two phenomenological coefficients which relate the anisotropic stress both to the total density perturbations and to the relative energy density perturbations in the system. These coefficients also parametrize the difference in the gravitational potentials and have to be determined observationally. In this paper we take into account perturbations of the geometric DE equivalent in a simplified manner, assuming just a simple proportionality relation to the matter perturbations. This provides us with a shortcut to the e Φ ΛCDM matter perturbation dynamics without exactly solving the entire coupled system of perturbation equations. Already this rough approximation allows us to quantify the impact of DE perturbations on the growth function. The full perturbation dynamics will be the subject of a subsequent paper. Our aim is study the combined effect of deviations from the ΛCDM background dynamics, of effective anisotropic pressures of geometric origin and of non-vanishing (geometric) DE perturbations on the matter growth function.
To the best of our knowledge such combined analysis has not been performed before, at least not semi-analytically. We shall contrast the theoretical e Φ ΛCDM growth function f σ 8 against the 18 data points of the 'Gold' growth set listed in [27] . In particular, we set limits on the parameters that quantify the anisotropic stress and the DE perturbations and reveal a certain degeneracy between these parameters. The structure of the paper is as follows. Section II recalls basic relations of scalar-tensor theory and introduces an effective fluid description of its dynamics. In section III we present the results for the background dynamics, in particular, the explicit analytic expression for the Hubble rate of the scalar-tensor extension of the standard model [1] . Essential relations of the general perturbation dynamics are briefly reviewed in section IV. Section V is devoted to the description of the anisotropic pressure. It introduces the phenomenological parameters through which the entire dynamics of the e Φ ΛCDM model is closed. On this basis the matter perturbations are calculated in section VI. Taking into account DE perturbations in a simplified manner, we confront the results of our fluid-dynamical e Φ ΛCDM approach with those of the standard model and with f σ 8 data in section VII. Section VIII summarizes and discusses our results.
II. GENERAL SCALAR-TENSOR THEORY

A. Effective GR-type description
Starting from a Jordan-Brans-Dicke type action (see, e.g., [12, 14, 17] )
the Jordan-frame gravitational field equations for scalar-tensor theories are
and
where T is the trace of the matter energy-momentum tensor
The field equation (2) can formally be written in the Einsteinian form,
with a total energy-momentum tensor
where T (x)µν is an effective energy-momentum tensor describing geometric "matter" with
Because of the contracted Bianchi identities which imply T (7) is a solution of (3).
B. Effective fluid
Assuming the existence of a timelike unit vector u µ , the timelike gradient of the scalar field, e.g., any tensor of the structure of (6) can be split according to
where u µ with u µ u µ = −1 characterizes a rest frame for the effective total cosmic substratum, h µν = g µν + u µ u ν is the spatial projection tensor and
with q µ u µ = Π µν u µ = Π µ µ = 0. Here, ρ is the total energy density, p is the total isotropic pressure, q µ is the total energy-flux vector and Π µν is the symmetric and trace-free anisotropic stress tensor.
The matter part T (m)µν is assumed to be pressureless matter, i.e.,
where u µ (m) with u µ (m) u (m)µ = −1 is the matter four-velocity which may be associated with an observer. In general, it will be different from the previously introduced timelike unit vector u µ .
The matter-energy density ρ m is
In the following we shall make use of the fluid structure (8) to effectively describe the dynamics based on equations (5) and (6) together with (7) and (10).
III. THE BACKGROUND MODEL
Here we recall the basic elements of the previously established scalar-tensor extension of the ΛCDM model [1] . Its main characteristic is an explicit analytical expression for the Hubble rate in which deviations from the standard model are described by a single constant parameter which also governs the effective scalar-field dynamics. The background relations are found through a specific solution of the effective fluid dynamics in the Einstein frame which subsequently is converted into the Jordan frame via a conformal transformation. Starting point of the background analysis is the Einstein frame.
A. Einstein-frame dynamics
Generally, the Einstein-frame dynamics with a metricg µν follows from the Jordan-frame dynamics with a metric g µν through the conformal transformation
together with a redefinition of the potential term,
Moreover, one has
For an RW metric and assuming u µ (m) = u µ , the general relations simplify considerably. With the Einstein-frame scale factorã and the Einstein-frame time coordinatet the Einstein-frame Hubble
whereρ m is the matter-energy density in the Einstein frame. Quantities with a tilde have their meaning in the Einstein frame, those without a tilde refer to the Jordan frame. Different from the Jordan-frame dynamics, the matter part is not separately conserved but obeys the equation
through which it couples to the scalar-field dynamics for which one has
Here,Ṽ ,ϕ = ∂Ṽ ∂ϕ . The time coordinate t and the scale factor a of the Jordan-frame RW metric are related to their Einstein-frame counterparts by
respectively. The matter energy density transforms as
B. Interacting fluid picture
We associate an effective energy densityρ ϕ and an effective pressurep ϕ to the scalar field bỹ
respectively. Equation (17) then takes the form
wherew =p φ ρϕ is the Einstein-frame equation-of-state (EoS) parameter for the scalar field. The solution of (16) can be written as
where the function f encodes the effects of an interaction between matter and (Einstein-frame) scalar field. Assuming a power-law behavior of the interaction function f (ã),
the interaction term Q, defined in (21), becomes
In the simple case of a linear dependence
it follows that [1]
With (26) we found an explicit expression for the scalar-field variable without having solved the basic scalar-field equation. We have solved the system of energy-balance equations (16) and (21) under the assumptions (23) and (25) . This solution implies an explicit scale-factor dependence of Φ (or ϕ) which not necessarily has to be a solution of the original scalar-field equation ( 
for the Einstein-frame Hubble rate.
C. Jordan-frame Hubble rate
The transformation to the Jordan-frame Hubble rate via
leads to the explicit expression [1]
where
and Φ is explicitly given in terms of the scale factor by (26) . Formula (29) 
For m = 0 it reduces to the ΛCDM value w x = −1. At high redshift one has
This value may be close to zero, i.e., the geometric DE mimics dust in this limit, but the effective energy density ρ x will be negative for m > 0. It crosses ρ 
For small |m| this remains in the vicinity of w x = −1. In the far future w x approaches From a statistical analysis using Supernovae data, differential age data of old galaxies that have evolved passively and baryon acoustic oscillations, we found a best-fit value . This is compatible with the ΛCDM model but leaves also room for small deviations. Even a very small non-vanishing value of |m| is, however, expected to modify the standard scenario of structure formation. In particular, it will affect the matter-growth function as will be demonstrated below. 
IV. GENERAL PERTURBATION DYNAMICS
Scalar metric perturbations are described by the line element
Denoting first-order variables by a hat symbol, the perturbed time components of the four-velocities
We define the (three-) scalar quantities v, and v m by
respectively. The covariant divergence of the matter four-velocity at first order is
where ∆ is the three-dimensional Laplacian. In this paper we focus on effects due to a non-vanishing anisotropic pressure and we ignore the heat flux from now on. The perturbed components of the total energy-momentum tensor then arê
The scalar part Π of Π ab is defined by
Non-vanishing anisotropic pressure is a typical feature in extended theories of gravity [26, 33, [36] [37] [38] . With δ =ρ ρ and ψ χ = ψ + Hχ the 00 and 0a field equations provide us with the Poisson
where δ c = δ − 3H (1 + w) v is the total comoving density perturbation and w = p ρ is the total EoS parameter.
V. MODELING THE ANISOTROPIC PRESSURE
The total energy-density perturbation that determines the potential ψ can, in principle, be obtained from the exact scalar-field dynamics (2) and (3). At first order one finds (see, e.g., [15, 17] 
Analogous relations can be obtained for the perturbations of the other fluid quantities in as well as for their counterparts of the individual components ( [15, 17] ).
On the other hand, the energy-density perturbation δ obeys the fluid-dynamical conservation equations following from T 
with an effective sound speed parameter c 2 x . The first term in (45) represents the adiabatic part of the (isotropic) pressure perturbation, the second term accounts for the non-adiabaticity. The pressure perturbations are then determined by the solutions of the coupled system for δ c and S m .
To close this system, assumptions on the anisotropic pressure are necessary as well. In a strict sense, all the quantities δ,p and also the anisotropic pressure Π are given in terms of the perturbationŝ Φ of the basic scalar field (cf. [15, 17] ) in a similar way as the energy-density perturbationρ is given in formula (43) . Solving the equation for Φ at first order will determine the effective fluid quantities. The present procedure does not rely, however, on the exact dynamics of the scalar field.
Instead it uses the fluid dynamical conservation equations which do not require the exact scalar-field dynamics. As already mentioned, this is possible due to the circumstance that the gravitational dynamics that is relevant for the matter perturbations does not explicitly depend on the scalar field. The gravitational dynamics only depends on the scalar field via the energy-momentum of the cosmic medium. 
Formally, this is an identity following from (44) . But if the entire cosmological dynamics is described by a coupled system of second-order equations for δ c and S m , then relation (46) can be used to find the matter perturbations from the solutions of this system. It seems natural to assume that the anisotropic pressure may be expressed in terms of δ c and S m as well. We write for the anisotropic pressure 8πG
with coefficients µ and ν that have to be determined observationally. With this ansatz it is possible to close the system for δ c and S m . Relation (47) is entirely phenomenological but it will allow us to put limits on the magnitude of the anisotropic pressure. Now, Π is known to give rise to a difference in the potentials φ and ψ From the space-space field equation it follows that (in the longitudinal gauge χ = 0) ψ − φ = 8πGΠ (48) and, consequently,
The difference in the gravitational potentials φ and ψ and the consequences for the matter growth (see below) have been widely used to discriminate modified gravity from GR with the help of different parametrizations for the gravitational slip ψ φ [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . We emphasize, however, that (49) is not just a parametrization of the gravitational slip 
and (44), respectively. In general, one has to solve the coupled system for δ c and S m to obtain the matter perturbations from (46) . A drastic simplification is achieved if we assume a proportionality with a factor y between δ c x and δ c m ,
The factor y is expected to be scale dependent, but in our rough approximation we ignore this.
Now the relevant ratio 
with the help of which the ratio φ ψ becomes
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The parameter y quantifies the rôle of perturbations of the geometric DE component. For y = 0 there are no DE perturbations. If, moreover, p x = −ρ x , which corresponds to m = 0, the ΛCDM case with φ = ψ is recovered. With the assumption (51) the matter perturbations can be calculated without explicitly solving the coupled system of perturbation equations. In many studies DE perturbations were assumed to be negligible, at least on sub-horizon scales. Explicit calculation confirmed this for special cases [41] . But in any consistent theory of dynamical DE these perturbations naturally appear and have to be taken into account [27, [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] .
VI. MATTER PERTURBATIONS
Starting point is the first-order energy conservation equation for matter,
where the perturbation of Θ m ≡ u α m;α is explicitly given by (39) . Then the matter energy conservation becomesδ
The first-order momentum conservation of the matter component yieldṡ
Differentiating the energy conservation equation (58), using the momentum conservation (59) and then the energy conservation again, results in
This is still exact at first order. With the gauge χ = 0 and in the quasi-static sub-horizon approximation one hasδ
On sub-horizon scales we may drop the superscript c since gauge issues are irrelevant here. With the assumption
and with (42) we haveδ
With our relation (52) this results in a closed equation for δ m ,
where, according to (52) and (55) the effective gravitational "constant" G ef f is
The effective gravitational coupling is scale dependent. Changing to the variable a, we have
where a prime means derivative with respect to a. In the absence of anisotropic stresses (µ = ν = 0) a positive y enhances G ef f , a negative y diminishes it. A negative µ tends to reduce G ef f . For
2 it may even become negative. The impact of the ν term is expected to be small since ρ x + p x is close to zero. For scales of the order of k ≈ 0.1hMpc −1 the present value of the factor k 2 a 2 H 2 is (restoring the units appropriately) 
This scale-dependent equation is valid in the linear regime, it is expected to break down for nonlinear modes. We shall trace the evolution of matter overdensities from a moment deep in the matter dominated epoch until today. To stay in the linear regime we fix the value k = 0.1hMpc
in our analysis. With this assumption the temporal evolution of the normalization σ 8 follows the δ m amplitude such that [54] 
Unfortunately, the amount of currently available f (z)σ 8 (z) data is not representative (a couple of dozens) for a statistical analysis. Also, the variance in the data is still high, lowering the confidence in any statistical a posteriori result. What can be done, however, is to assess the impact of changing the model parameter values in comparison to the ΛCDM reference curve. For the matter distribution variance today we assume σ 8 (z = 0) = 0.8 which is compatible with standard fiducial cosmology as determined by the Planck satellite. This value is biased with respect to the variance in the distribution of galaxies but the combination f σ 8 is independent of the bias factor [35] . In our analysis we use the 18 'Gold' growth set data points of RSD measurements of f σ 8 listed in [27] . In the following we study the influence of different parameter combinations on the growth function and on the effective gravitational "constant". We start by considering the impact of each of the parameters separately. DE perturbations have to be at least one order of magnitude smaller than matter perturbations.
Anisotropic stresses are coupled both to the total density perturbations and to relative perturbations within the effective two-component system. Negative values of the anisotropy parameter µ which quantifies the coupling of the anisotropic stress to the total density fluctuations lower the theoretical curve for f σ 8 compared with the ΛCDM result. This corresponds to a reduction of the effective gravitational constant. Positive values of µ act in the opposite direction and seem to be less favored by the data. The coupling to relative perturbations is described by the parameter ν.
Here, negative values heighten the theoretical curve at small redshift, while positive values lower it. During the cosmic evolution the effective gravitational "constant" may change between values larger and smaller than the standard value. Values of the order of |ν| 10 −5 are compatible with current data while µ is restricted to |µ| 10 −6 . In other words, for a ν of the same order as µ the anisotropic stresses related to the total density perturbations (parametrized by µ) have a larger impact on the effective gravitational "constant" than the anisotropic stresses generated by the relative perturbations (parametrized by ν). There exists a cross effect between anisotropic stresses, induced by relative perturbations, and DE perturbations. Here, perturbations y > 0 tend to lower the curve for f σ 8 at small redshift which is opposite to the impact of DE perturbations in the absence of anisotropic pressures. Obviously, in the preliminary analysis of this paper there is some degeneracy at low redshift in the parameter space spanned by µ, ν and y. A detailed analysis of the complete system of coupled perturbation equations for δ c and S m will be the subject of a subsequent paper.
